For many purposes, a three-dimensional foliation of spacetime is more advantageous to understanding its light cone structure. We derive the equations describing such foliations for the Kerr geometry with non-zero cosmological constant, and show that they reduce to null hypersurfaces in vacuum (anti-)de Sitter spacetime in the limit of zero mass. Furthermore, we find that these null hypersurfaces are free of caustics everywhere for r > 0. Our construction has applications in numerical studies of rotating black holes, and in defining Kruskal coordinates for rotating black holes with non-zero cosmological constant.
This type of analysis has never been extended to other rotating black holes, and it is the purpose of this paper to address this deficit by investigating null hypersurfaces for the Kerr-Anti de Sitter (Kerr-AdS) and Kerr-de Sitter (Kerr-dS) black holes. We find that a similar threedimensional null foliation of Kerr-(A)dS spacetimes can be obtained and prove that it also develops no caustics.
Furthermore, we comment on the difference in the behaviour of light cones between rotating AdS, flat, and dS geometries. Besides the desire for completeness, one application of these results motivating this study is that of providing a better understanding of the geometry of null boundaries of "Wheeler-de Witt" (WDW) patches in rotating AdS spacetime within the context of "complexity equals action" conjecture [9, 10] in AdS/CFT.
Our paper is organized as follows: in section I, we provide the most general solution for the null hypersurfaces t ± r * = const in Kerr-(A)dS spacetimes in terms of elliptic integrals. In section II, the m → 0 limit of the solution is taken and shown to correspond to light cones in (A)dS spacetimes. In section III, a three-dimensional foliation of the Kerr-(A)dS geometry is obtained and shown in section IV to possess no caustics for r > 0. Finally, section V construct the Kruskal coordinates for the Kerr-(A)dS spacetime.
I. PRELIMINARIES
The Kerr-(A)dS metric of the (3+1)-dimensional rotating black hole in Boyer-Lindquist coordinates is
where
where = +1 for AdS and = −1 for dS spacetimes, with ∆ r (r + ) = 0 defining the outer horizon r + of the black hole. The inner and cosmological horizons are respectively defined from ∆ r (r − ) = 0 and ∆ r (r c ) = 0, the latter being present only for = −1. The rotation parameter is bounded by a < L. The relevant thermodynamic quantities are
and are respectively its mass, angular momentum, horizon angular velocity, temperature, and entropy The metric is regular everywhere away from the symmetry axis for AdS, while it is regular and static only for r < L in dS. Below, we will assume that r > 0 for AdS and r < L for dS, unless otherwise stated (i.e. in section 4).
We want to find the null boundary surfaces Φ(x) = const in the spacetime (1) . Define the ingoing/outgoing Eddington-Finkelstein coordinates by
The condition of the surfaces defined by v = const being null translates to
Thus, the problem of finding the null hypersurfaces reduces to solving the PDE (5) for r * (r, θ). For the metric (1),
for the PDE (5). In the limit L → ∞ this reduces to the asymptotically flat case [8] ∆(∂ r r * )
where now ∆ ≡ lim
This separable form allows us to easily guess an ansatz for r * (r, θ). First, define
where λ is an arbitrary constant. Then, it is clear that choosing
would satisfy (7) . Hence a solution to (7) is obtained by solving the exact integral
To find a general solution r * (r, θ) of (7) that is independent of λ we follow the procedure in [8] and assume first that λ is now a function of r and θ. In this case, r * = ρ(r, θ, λ) where
where ∂ λ ρ(r, θ, λ) = a 2 2 F (r, θ, λ), and
(13) The condition (11) implies that
which fixes the dependence of λ on (r, θ) for any given choice of the function g[λ(r, θ)]. The explicit form of the general solution of (12) is then
Once g(λ) is chosen, the exact integrals in (15) and (14) are performed assuming that λ is a constant. Then, (14) is used to solve for λ(r, θ), which in turn is substituted into the result obtained upon integrating (15). The net result is that r * (r, θ) = ρ(r, θ, λ(r, θ)) can be explicitly obtained.
II. m → 0 LIMIT: LIGHT CONES IN VACUUM (A)dS METRIC
Here, we verify the expressions for the light cones above by taking the m → 0 limit and showing that they reduce to light cones in vacuum (A)dS spacetime. We begin by simplifying the metric (1) using the coordinate transformation [11] t → Ξt,
Taking the m → 0 limit now gives
This metric is just the vacuum (A)dS metric
where the coordinate transformation from (19) to (18) is given by [12] t → Ξt (20)
In the limit m → 0,
(24) and P remains the same. To simplify the integrals, we make the substitution
where ∆ χ ≡ lim m→0 ∆ r , from which it follows that
The function F in (13) becomes
and the second term in (27) can be absorbed into g (λ) since it is independent of r and θ. Choosing g(λ) such that the overall constant term in (27) is 0, the constraint
From (25), this fixes the function λ(r, θ) to be
Integrating (11) gives
and upon substituting λ(r, θ) from (30) into the result gives r * = r * (r, θ) for (A)dS spacetime. The result of this integration in (31) can be written in terms of elliptic integrals which, in the limit L → ∞ reduce to the flat space case [8] 
as we show in the Appendix, where λ = sin θ * from (28).
r In the limit a → 0 the expression for r * reduces to the tortoise coordinate in vacuum (A)dS
which we illustrate numerically in figure 1 .
Thus, the surfaces t ± r * = const, with r * (r, θ) given by (31), are the null hypersurfaces of vacuum (A)dS.
III. PROPERTIES OF AXISYMMETRIC NULL HYPERSURFACES
The condition F = 0 implies that dF = 0 yielding
from (13) . In conjunction with (11) , this shows that lines of constant r * and λ are orthogonal, ∇r * .∇λ = 0, with respect to the intrinsic 2-metric
of the (t, φ) sections of the Kerr-(A)dS spacetime. Since λ is independent of t and φ, this in turn implies that λ is constant along the null generators in (4)
where α = −∂ α v and n α = −∂ α u. The 2-metric (35) can be written in (r * , λ) coordinates instead of (r, θ) coordinates. It can easily be checked that
We can rearrange (6) so that
is the angular velocity [13] . This allows us to rewrite the Kerr-(A)dS metric (1) as
The new coordinates (t, r * , λ, φ) are better suited to study the null hypersurfaces of Kerr spacetime since the 3-spaces defined by t ± r * = constant are clearly null hypersurfaces, and g r * r * = −g tt . The degenerate intrinsic metric is
on these null hypersurfaces. Inversion of the differentials (11) and (34) gives
We pause to comment on the construction of quasispherical light cones. These surfaces are those that reduce to the light cones of (A)dS spacetime as r → ∞. We first note that insertion of (30) into (28) yields
which is the same relation as in the asymptotically flat case [8] , and we have θ * (r → ∞, θ) = θ. Requiring this asymptotic condition and the relation (28) to hold in the Kerr-(A)dS spacetime fixes the function g (λ) in (13) to yield the relation
The equations of the quasi-spherical hypersurfaces are respectively given by v = t + r * (r, θ) = v 0 and u = t − r * (r, θ) = u 0 where (u 0 , v 0 ) are both constants, and r * = ρ(r, θ, λ(r, θ)), with the function λ(r, θ) determined by setting F = 0.
IV. THE ABSENCE OF CAUSTICS
From (42), the condition for the null 3-space to develop a caustic is Ξ −2 µP Q sin θ = 0 (46)
In the limit m → 0, the light cones in vacuum (A)dS spacetime have no caustics. Light cones in the Kerr metric were shown to be free of caustics in [8] . Here, we show that the proof also extends to Kerr-(A)dS spacetimes. The proof proceeds by showing that each factor in (46) for m > 0 increases along an ingoing null generator of fixed λ and decreasing r, which proves that (46) will not be satisfied in Kerr-(A)dS since it is not satisfied in its m → 0 limit. Initially, when r → ∞, it is clear from (25) that λ > 0. From (34) and (9), P > 0 increases as r decreases along the generator of fixed λ. Also, from (9), it is clear that Q > Q 0 > 0.
The remaining task is to show that µ and θ both increase with increasing m, while r and λ are kept fixed, that is provided r > 0 and θ * < π/2. From (13) and the condition F = 0, it is straightforward to show that
Similarly, from (34) and (13),
where the last line follows from (9) . Both expressions (48) and (49) are clearly positive regardless of the sign of the cosmological constant. Therefore, the condition (46) is never satisfied in Kerr-(A)dS and the null hypersurfaces (42) do not develop caustics when propagated toward r → 0.
In figure 2 , the λ = const. curves were obtained for Kerr-AdS (figure 2a) and Kerr-dS (figure 2b) spacetimes by numerically solving the evolution equations of the null generators along ingoing null hypersurfaces
where τ is the affine parameter along the null path. In particular, (50) yielḋ
which we numerically integrate to plot the null paths in figure 2 . Also shown are the spacetime horizons: r − , r + , and r c for Kerr-dS. Figure 2 shows that no caustics are formed in both spacetimes near the black hole singularity. As in the asymptotically flat case, we find that if we extend the spacetime to r < 0, then null rays moving inward toward the origin in the r > 0 sheet are deflected outward by the ring singularity and defocused. Upon passing through the r = 0 disc they are refocused and form a caustic in the r < 0 region.
V. KRUSKAL COORDINATES
Using the transformations
we can rewrite the metric (41) as
where κ = κ i is the surface gravity
for the respective outer, inner, and (for = −1) cosmological horizon as relevant. Since
it is clear that the first term in the metric is regular at the horizon surfaces U = 0 and V = 0. However the second term in (53) is not regular on these surfaces. This defect can be overcome by defining
where α(r, λ) = aΞ
Then, from (43), (40), and (9),
Hence, the metric (41) becomes
or alternatively
depending on which sheet is of interest. For example, (60) is regular for the future horizons for both outer and inner horizons of the black hole (or the future cosmological horizon in Kerr-dS) , where ϕ + is constant along each ingoing generator and v is constant along ingoing light sheets. Alternatively, (61) is regular for the past horizons for both outer and inner horizons of the black hole (or the past cosmological horizon in Kerr-dS) , where ϕ − is constant along each outgoing generator and u is constant along outgoing light sheets. In both cases the function N is regular.
VI. CONCLUSION
We have described a three-dimensional foliation of Kerr-(A)dS spacetimes in terms of quasi-spherical light cones, extending the construction in the asymptotically flat case [8] . We find that both spacetimes are free of caustics for r > 0. The limit of zero mass of this foliation was taken and we proved that it reduces to light cones in vacuum (A)dS spacetime. As an application, we derived a generalization of Kruskal coordinates for Kerr-(A)dS based on these quasi-spherical light cones.
These results should prove useful in studies of the AdS/CFT 'complexity equals action' conjecture [9, 10] for rotating black holes insofar as it provides a useful tool for the construction of null boundaries in these kinds of spacetimes. It is likewise natural to consider a similar type of analysis to study the properties of light cones in more exotic spacetimes. Work on these issues is in progress.
VII. ACKNOWLEDGEMENTS
This work was supported in part by the Natural Sciences Engineering Research Council. We thank Frans Pretorius for helpful correspondence.
Appendix A: r * expansion in large L limit
We derive a series expansion of (31) in the large L limit that explicitly reduces to (32) when L → 0. First, the integral (31) can be written as 
Integrating this expression and substituting for (29) gives χ(r,λ) 0 I(χ, λ) = a sin θ cos θ √ cos 2 θ + λ − 1 − a
